In this paper are considered some sufficient conditions under which, for given sequence (T i ) i≥1 of operators on an infinite-dimensional complex Hilbert space, there is a dense set of points whose orbits under each T i tend strongly to infinity.
Introduction
Throughout this paper H will denote an infinite-dimensional complex Hilbert space with inner product ·|· and B(H) the algebra of all bounded linear operators on H. If T ∈ B(H), with r(T ), σ(T ), σ p (T ) and σ a (T ) we will denote the spectral radius, the spectrum, the point spectrum (i.e. the set of all eigenvalues for T ) and the approximate point spectrum of T , respectively. Recall that σ a (T ) is the set of all λ ∈ σ(T ) for which there is a sequence of unit vectors (x n ) n≥1 such that T x n − λx n → 0, as n → ∞; any sequence with this property is a sequence of almost eigenvectors for λ. Unlike the point spectrum, which can be empty, the approximate point spectrum is nonempty for every T ∈ B(H): it contains both ∂σ(T ) = ∅ and σ p (T ) [2, Prop.VII.6.7].
Orbit of x ∈ H under T ∈ B(H)
is the sequence Orb(T, x) := {T n x : n ≥ 0}. In our interest are operators T ∈ B(H) for which there is x ∈ H whose orbit under T tends strongly to infinity, i.e. T n x → ∞, as n → ∞. If σ p (T ) contains a point λ with |λ| > 1, then for every nonzero vector x in the corresponding eigenspace ker(T − λ), T n x = |λ| n x → ∞ as n → ∞. But, in general, ker(T − λ) is not dense in H. In order to produce a dense set of vectors whose orbits under T tend strongly to infinity, we have to look at the points in the approximate point spectrum which are not eigenvalues.
In [1, Thm. III.2.A.1] B. Beauzamy showed that, if {λ ∈ C : |λ| = r(T )} contains a point in σ(T ) which is not an eigenvalue for T , then for every positive sequence (α n ) n≥1 strictly decreasing to 0, in every open ball in H with radius strictly larger then α 1 , there is z ∈ H with T n z ≥ α n r(T ) n , for all n ≥ 1. As its proof suggests, this result will remain true if r(T ) is replaced with |λ| for any λ ∈ σ a (T )\σ p (T ). Note that, if r(T ) > 1, or in the later case if there is λ ∈ σ a (T )\σ p (T ) with |λ| > 1, then the space will contain a dense set of z's with Orb(T, z) tending strongly to infinity. (For some additional results on similar estimations of the orbits we refer the reader to [5] , [6] and [7] .)
Using a similar technique, in [4] the first author has shown the following results. 
Remark 1.5. The assertion (a) in Proposition 1.3, together with the Riesz's theorem for representation of bounded linear functional on Hilbert space, actually states that every sequence of almost eigenvectors for λ ∈ σ a (T )\σ p (T ) tends weakly to 0.
One way to do this is as follows.
Suppose that, for some l ≥ 2, we have found vectors
Now, since E is infinite (as an orthonormal basis of an infinite-dimensional Hilbert space) and E(y i,j ), i ≥ 1, j ≥ 1 are all finite, by induction we can find positive integers
, for each i and j with i + j = l + 1. 
Main result
Proof. By Proposition 1.3, Remark 1.5 and Remark 1.6, there are sequences (x i,n ) n≥1 , i = 1, 2, . . ., in H with the following properties:
(P.1) x i,n = 1 for all i ≥ 1 and n ≥ 1;
(P.3) (x i,n ) n≥1 tends weakly to 0 for all i ≥ 1; and
Fix x ∈ H and 0 < ε < 1/2. Let
We start with the sequence (
Hence, there is a positive integer N 1 (1) so that
Suppose that for some l ≥ 2 we have found positive integers N i (j),
and the vectors z k , 2 ≤ k ≤ l defined with
satisfy
Inductively we will find positive integers
l , s = 1, 2, . . . , l defined with
satisfy both (4) and (5) bellow,
and
We begin with the sequence (
Hence, there is n 0 > N 1 (l − 1) so that
On the other hand, by (3) for k = l, Lemma 1.2.(a) and (4) lim sup
for all 2 ≤ i + j ≤ l, which allows us to find
Now, suppose that for some 1 ≤ s ≤ l −1 we have found positive integers N 2 (l − 1) , . . . , N s (l + 1 − s) with the desired properties.
We observe the sequence (z
for all i and j with:
and, by Lemma 1.
Hence, we can find
satisfies (4) and (5) with s + 1 instead s.
By the previous discussion there are positive integers N i (j), i ≥ 1, j ≥ 1 such that (1) holds for all i ≥ 1 and j ≥ 1, and the sequence (z k ) k≥2 given with (2) satisfies (3) for all k ≥ 2. We will show that (z k ) k≥2 is a Cauchy sequence in H.
Let ε > 0 be arbitrary. By the assumptions upon the sequences (a i,j ) j≥1 , i = 1, 2, . . . there is a positive integer i 0 such that
and a positive integer j 0 > i 0 such that (a i,j ) j≥1 , i = 1, 2, . . . are decreasing sequences we obtain
Since H is a Hilbert space, there is z ∈ H such that z = lim k→∞ z k (relative to the norm topology), and this vector is with the desired properties:
1. Keeping in mind that (a i,j ) j≥1 , i = 1, 2, . . . are decreasing sequences we have
and consequently
2. For given positive integers i and n,
for all k ≥ n + i, and consequently
3 On orbits tending strongly to infinity Theorem 2.1 allows us to give sufficient conditions under which, given a sequence (T i ) i≥1 of operators in B(H) the space H will contain a dense set of vectors with orbits under each T i tending strongly to infinity.
has a nonempty intersection with {λ ∈ C : |λ| > 1 + β} for some β > 0. Then there is a dense set of z ∈ H with Orb(T i , z) tending strongly to infinity for every i ≥ 1.
then, for z ∈ H from the proof of Theorem 2.1, x − z < δ and for each i ≥ 1,
sequence of invertible operators in B(H)
such that for each i ≥ 1, the set σ a (T i )\σ p (T i ) has a nonempty intersection with both {λ ∈ C : |λ| > 1 + γ} and {λ ∈ C : 0 < |λ| < γ} for some 0 < γ < 1. Then there is a dense set of z ∈ H for which both Orb(T i , z) and Orb(T
−1
i , z) tend strongly to infinity for every i ≥ 1.
Proof. If T ∈ B(H) is invertible operator, then
λ ∈ σ a (T −1 ) if, and only if,
and λ ∈ σ p (T −1 ) if, and only if,
By our assumption, (6) and (7), for each i ≥ 1, both σ a (T i )\σ p (T i ) and
i ) will have a nonempty intersection {λ ∈ C : |λ| > 1 + β} for β = min{γ −1 − 1, γ}. Now the assertion will follow from Corollary 3.1 applied on the sequence {T 1 , T Obviously, (T i ) i≥1 satisfies the weaker condition (8) and yet there is a dense set of vectors in 2 (N) with orbits under each T i tending strongly to infinity. Actually T n i x = (a i S) n x = a n i x → ∞, as n → ∞, for all x = 0 and i ≥ 1. Moreover, (T i ) i≥1 uniformly converges to S : since S = 1, by the choice of the sequence (a i ) i≥1 , T i − S = (a i − 1) S = a i − 1 → 0, as i → ∞. But S does not have orbits tending strongly to infinity: S n x = x for all x ∈ 2 (N).
